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Reasoning in Coq

Q@ Math @ Binding, validation, etc.

@ Meta-theory @ Enriched logics

© Program verification o State, step-indexing. ..

© Customization/extension

trust trust

TN T

Formalize —— Develop a logic —— Verify programs

a language iterate
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Preview: Automation Requires Composition!

Ltac arith := auto with arith.
Ltac entail :=
. (x* giant *x)...
Ltac sym_eval := repeat
first [apply read;[ solve [entail] | ]
| apply write;[ solve [entail] | ]|

O]
(P}
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Preview: Automation Requires Composition!

Ltac arith := auto with arith.
Ltac entail :=
. (x* giant *x)...
Ltac sym_eval := repeat
first [apply read;[ solve [entail] | ]
| apply write;[ solve [entail] | ]|

Arith
Entailment

SymEval
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Preview: Automation Requires Composition!

Ltac arith := auto with arith.
Ltac entail :=
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Preview: Automation Requires Composition!

Ltac arith := auto with arith.
Ltac entail :=
. (x* giant *x)...
Ltac sym_eval := repeat
first [apply read;[ solve [entail] | ]
| apply write;[ solve [entail] | ]|

Arith

Entailment

SymEval

{P}tlz!x; 2=y, x:=1t2
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Preview: Automation Requires Composition!

Ltac arith := auto with arith.
Ltac entail :=
. (x* giant *x)...
Ltac sym_eval := repeat
first [apply read;[ solve [entail] | ]
| apply write;[ solve [entail] | ]|

Arith

Entailment

= SymEval
{Q}

Y
A

{P}tlz!x; 2=y x:=t2 y = tl
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Preview: Automation Requires Composition!

Ltac arith := auto with arith.
Ltac entail :=
(k* giant **)....
Ltac sym_eval := repeat
first [apply read;[ solve [entail] | ]
| apply write;[ solve [entail] | ]|

>

Definition arith := AUTO arith_hints.
Definition entail :=
rtac_extern (fun us vs s goal =
entailer us vs s goal arith).
Definition sym_eval := REPEAT 10
FIRST [APPLY read_syn entail
; APPLY write_syn entail

C o

Arith

Entailment

= = SymEval

{ P } tl =1 x;

Motivation: Embedded Logics [N

= t2; y:=1tl { Q }
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Tactic-based Logic Automation

FPAQ QAP

FPAQ— QAP
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Tactic-based Logic Automation

P,.QI—Q/\P
PANQFQAP
FPAQ— QAP

DESTRUCT
INTRO

F=- ‘ -@

o
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Tactic-based Logic Automation
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Tactic-based Logic Automation

P.QF P P,QI—Q‘S‘SSUME
PQFQAP PLIT
P/\Ql— Q/\P ESTRUCT

INTRO

FPAQ—= QAP

’intro; repeat destructjiyp; repeat split; assumption.’

Automation (Ltac)

w m mm assumpon

’I—P/\Q—>Q/\P|r H-PaH’:
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Proof by Computational Reflection [Bou97]

K -—80—8—8—
PAQFQAP ﬁ

Computational Reflection EBVUNidOAS/e N (et W)

6 /17
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@ Write a procedure
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Proof by Computational Reflection [Bou97]

@ Write a procedure
o Pick the abstraction

p:=ZXx | p1 Ap2|True

Semantic
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Proof by Computational Reflection [Bou97]

@ Write a procedure
o Pick the abstraction

EZX#\PlAPﬂ@

XpAXqQ F XQAXp

—
”

o] .
______ N _____________.8[| Syntactic

he] o i

S, S, Semantic
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Proof by Computational Reflection [Bou97]

@ Write a procedure
o Pick the abstraction

EZX#\mAszTr&

XpAXqQ - XoAXp

/ tauto

e .
777777 8----------|tauto_sound ””””””gﬁisypgqcitlfq
= g, Semantic
pu A
PAQFQAP]
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Proof by Computational Reflection [Bou97]

@ Write a procedure T true = true REFL

e Pick theffjal?stractionf - tauto(XpA Xo— XQAXp) = true )
OUND
o Small/efficient proofs - propD(Xp/ Ko—s XoA Xp)

FPAQ— QAP

Conv

Conv

p:=ZXx | p1 Ap2|True
XpAXg - XqAXp

/ tauto

Syntactic

Semantic

Computational Reflection EBVUNideAS/e N (et W) 6 /17




A Simple Tautology Solver

(1) Define syntax.

Ind prop = True | p A q | X%
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A Simple Tautology Solver

(2) Define meaning.

(1) Define syntax. 74
A Fix propD (ps : env Prop) (p : prop) : Prop
Ind prop = True | p A q | Xz := match p with
True = True
| pAa=

propD ps p A propD ps q
| Xp = lookuppsp
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A Simple Tautology Solver

(2) Define meaning.

(1) Define syntax. %
A Fix propD (ps : env Prop) (p : prop) : Prop
Ind prop = True | p A q | Xz := match p with
True = True
| pAa=

propD ps p A propD ps q

Def prove hyps goal : bool | Xp = lookuppsp

:= match goal with
True = true
| pAq =
prove hyps p && prove hyps q
| - =
find_assumption hyps goal

(3) Write a procedure.
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A Simple Tautology Solver

(1) Define syntax.

Ind prop = True | p A q | X%

Def prove hyps goal : bool
:= match goal with
True = true
| pAq =
prove hyps p && prove hyps q
| - =
find_assumption hyps goal

(3) Write a procedure.

(2) Define meaning.
/4

Fix propD (ps : env Prop) (p : prop) : Prop
:= match p with
True = True
| pAg=
propD ps p A propD ps q
| Xp = lookuppsp

Theorem prove_sound : V ps hs goal,
prove hs goal = true —
A1l (propD ps) hs
propD ps goal.

Proof. ... Qed.

(4) Prove the procedure.
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A Generic Tautology Solver

Abstract Prop

Fix propD (ps : env L) (p : prop) : L
Ind prop = True | p A q | Xz := match p with
True = True
| pAg=
propD ps p A propD ps q

Def prove hyps goal : bool | Xp = lookuppsp

:= match goal with
True = true

| pAq =
prove hyps p && prove hyps q Theorem prove_sound : V ps hs goal,
| - = prove hs goal = true —

A1l (propD ps) hs
propD ps goal.
Proof. ... Qed.

Similar proof

Tautologies VBN RE (Coq'14) 7 /17
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A Generic Tautology Solver

@ Extensions
o > — Modalities
e *x, -+ — Connectives
o +—, llist — Predicates

Fix propD (ps : env L) (p : prop) : L
= match p with
True = True

Ind prop = True | p A q | X4

| pAg=
Def prove hyps goal : bool propD ps p /A propD ps q
:= match goal with | Xp = lookuppsp
True = true
| pAq =
prove hyps p && prove hyps q Theorem prove_sound : V ps hs goal,
| = prove hs goal = true —
find_assumption hyps goal A1l (propD ps) hs F
|| solve_by_extern hyps goal propD ps goal.
Proof. ... Qed.

REMTS  MIRRORCORE (Coq'14) 7 /17



An Extensible Tautology Solver?

XEyFxczUy Add-Union T bh—c dFa—c Cons-Inj

@ Not everything is a tautology

Fix propD (ps : env L) (p : prop) : L
:= match p with
True = True
| pAg=
Def prove hyps goal : bool ‘p)iOPiplSogkﬁ prsopD psq
:= match goal with =p PPSP
True = true

Ind prop = True | p A q | X%

| pAq =
prove hyps p && prove hyps q Theorem prove_sound : V ps hs goal,
| _ = prove hs goal = true —
find_assumption hyps goal A1l (propD ps) hs -
|| solve by extern hyps goal propD ps goal.

Proof. ... Qed.

REMTS  MIRRORCORE (Coq'14) 7 /17



An Extensible Tautology Solver?

XEyFxczUy Add-Union T bh—c dFa—c Cons-Inj

@ Not everything is a tautology

Fix propD (ps : env L) (p : prop) : L
:= match p with
True = True
| pAg=
Def prove hyps goal : bool ‘p)iOPiplSogkﬁ prsopD psq
:= match goal with =p PPSP
True = true

Ind prop = True | p A q | X%

| pAq =
prove hyps p && prove hyps q Theorem prove_sound : V ps hs goal,
| _ = prove hs goal = true —
find_assumption hyps goal A1l (propD ps) hs -
|| solve by extern hyps goal propD ps goal.

Proof. ... Qed.
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Enriching the Syntax

@ STLC + base types & terms

p:=Xp | prAp2 | True

N

Logic

ex=Xglete|e—e

Arith

s
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Enriching the Syntax

@ STLC + base types & terms

p:=Xp | pr/Ap2 | True ex=Xglete|ea=e
N\
Logic Arith

’ Function types

t.=T t1—t
)\% Ty | izt

N

en=Xy | Qe | At.e|xn| 74

Binders
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Enriching the Syntax

@ STLC + base types & terms

p :::AXp | pr/Ap2 | True

€
t ::=Prop ? .
b= A|True oglc\
True N e = ey =

(K/\QXTrue)@( (X: Q el) Q 62)

Lemmas & Auto

Arith

e:=Xg|ete |Ae1:e2

’ Function types

t :=N|Prop
bui=+]=

\ to=Ty | ti=tb
en=Xy | Qe | At.e|xn| 74

MIRRORCORE (Coq'14)

Binders

9/17



Enriching the Syntax, Compositionally

@ STLC + base types & terms
e Compositional (see [MCB14])

p :::AXp | pr/Ap2 | True

€

Arith

e:=Xg|ete |Ae1:e2

t :=N|Prop
bui=+]=

(K/\QXTrue)Q( (X: Q el) Q 62)

t ::=Prop .
b:=AN|True Logic
True N e = ey =

t=Ty | t1—b

en=Xy | Qe | At.e|xn| 74

\ ’ Function types
A %

Binders

[ROTV EERTIZ I MIRRORCORE (Coq'14)
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An Extensible Tautology Solver

XEyFxczUy Add-Union T bh—c dFa—c Cons-Inj

@ Not everything is a tautology

Indtyp=t; = to | Ty Fix exprD (ps cenvl)(p:expr):L
Indexpr =e;1 Qex [At.e|Xy| ... = match p with
Xp = lookuppsp
|l pAg=

exprD ps p A exprD ps q
Def prove hyps goal : bool [
:= match goal with
XTrye = true
| XA@pQq =

Theorem prove_sound : V ps hs goal,
prove hyps p && prove hyps q

prove hs goal = true —
| - = A1l (propD ps) hs
find_assumption hyps goal propD ps goal.
|| solve_by_extern hyps goal Proof. ... Qed.

[ROTV EERTIZ I MIRRORCORE (Coq'14) 10 / 17



An Extensible Tautology Solver

XEyFxczUy Add-Union T bh—c dFa—c Cons-Inj

@ Not everything is a tautology

Indtyp=t; = to | Ty Fix exprD (ps cenvl)(p:expr):L
Indexpr =e;1 Qex [At.e|Xy| ... = match p with
Xp = lookuppsp
|l pAg=

exprD ps p A exprD ps q
Def prove hyps goal : bool [
:= match goal with
XTrye = true
| XA@pQq =

Theorem prove_sound : V ps hs goal,
prove hyps p && prove hyps q

prove hs goal = true —
| - = A1l (propD ps) hs
find_assumption hyps goal propD ps goal.
|| solve_by_extern hyps goal Proof. ... Qed.

Polymorphic over (contrained) extensions|MCB14]
Lemmas & Auto 10 /17




An Extensible Tautology Solver

XEyFxczUy Add-Union T bh—c dFa—c Cons-Inj

@ Not everything is a tautology

Indtyp=t; = to | Ty Fix exprD (ps cenvl)(p:expr):L
Indexpr =e;1 Qex [At.e|Xy| ... = match p with
Xp = lookuppsp
|l pAg=

exprD ps p A exprD ps q
Def prove hyps goal : bool [
:= match goal with
XTrye = true
| XA@pQq =

Theorem prove_sound : V ps hs goal,
prove hyps p && prove hyps q

prove hs goal = true —
| - = A1l (propD ps) hs
find_assumption hyps goal propD ps goal.
|| solve_by_extern hyps goal Proof. ... Qed.

Too much effort to writel ’
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Assembling Custom Automation

Use these reflectively

Lem list_eq : V x y xs ys,

X=y— XS=ysS — XIXS=y: ys.
Lem list_len :V xs ys,

|xs U ys| = |xs| + |ys|.
Lem add_in: Vx y z,

x€z— x€E(yUz).
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Assembling Custom Automation

Use these reflectively

Lem list_eq : V x y xs ys,
X =y > XS=YyS —> X:IXS=y:1 ys.
Lem list_len :V xs ys,
|xs U ys| = |xs| + |ys|.
Lem add_in: Vx y z,
Def prove (g : expr) : bool := x€z— x€(yUaz).
match g with
| (@ (@ Xe ) (@ (@ X s1) 52)) =
prove (@ (@ Xe e) s1)
| (l:[N] © (l:: ©x @ XS) (X:: eyQ yS) =
prove (X=; © x @ y) &&
prove (X=;; @ xs @ ys)
[ o = .

Thm prove_sound : V ts fs ...
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Assembling Custom Automation

Build reflective procedures automatically from lemmas.

Reflective lemma “application”

@ Unification & substitutions
Lem list_eq : V x y xs ys,

X=y— XS=ysS — XIXS=y:i ys.
Lem list_len :V xs ys,
|xs U ys| = [xs| + |ysl.

Lemadd_in: Vx y z
Def prove (g : expr)l bool := x€z—x€(yu 'ZN

match g with -

| (@ (@ Xe e) (@ (@ Xu s1) 52)) = | Bound variables
prove (@ (@ Xe e) s1)

| (l:[N] O (X: @x Qxs) (X: Qy @ ys) =
prove (i, @ x @ y) &&
prove (X=;; @ xs @ ys)

[ o = .

Thm prove_sound : V ts fs ...

Lemmas & Auto JORE (Coq'14) 11 /17



Lemmas, External Hints & Hint Databases

Build reflective procedures automatically from lemmas.

Reflective lemma “application”

Lem list_len : V xs ys,
|xs U ys| = |xs| + |ys|.

Lem add_in: Vx y z,
x€z— x€(yUaz).

@ Unification & substitutions
) ) Lem list_eq : V x y xs ys,
@ Semantic reasoning X=y—>XS=ys > xuXS=y

ys.

Built automatically

= |

Lemmas & Auto
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Lemmas, External Hints & Hint Databases

Build reflective procedures automatically from lemmas.

Reflective lemma “application”

@ Unification & substitutions
Lem list_eq : V x y xs ys,

@ Semantic reasoning X=y > XS=ys — XIXS=Yy:i ys.
i 3 Lem list_len : V xs ys,
Parameterized automation |xs Uys| = |xs| + |ys|.

Lem add_in: Vx y z,

® auto x€z— x€(yUaz).

@ autorewrite

search!

A
. . . Generic, reflective proof

auto_sound
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(Semantic) Unification

@ Applying lemmas generically requires unification

F(fDly)N(fXDQ)‘-){Dll—)X,DQI—)y}

[RNOTV EERNIIZ I MIRRORCORE (Coq'14) 12 /17



(Semantic) Unification = Equality (e)Prover
unify : expr — expr — subst — option subst

@ Applying lemmas generically requires unification

F(fl:l]_y)’\-/(le:lQ)(—){D]_'—)X,lzb'_)y}
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(Semantic) Unification = Equality (e)Prover
unify : expr — expr — subst — option subst

@ Applying lemmas generically requires unification

F(fl:l]_y)’\-/(le:lQ)(—){D]_'—)X,lzb'_)y}

@ Programmable — Coq's native unification is fixed

FE+y)~ )= {)

x=yF({Ex)~(Ey) = {}

(RO EER7NIIT I MIRRORCORE (Coq'14) 12 /17



(Semantic) Unification = ity (e)Prover
Typed

unify : expr — expr — typ — subst — option subst

@ Applying lemmas generically requires unification

F(fDly)NT(fXDQ)‘-){Dli—)X,Dzl—)y}

@ Programmable — Coq's native unification is fixed

FE+y) N v+ x) = {}

x=yF(fx)~ (fy) = {}
o Typed — Coq's native unification is untyped
F () ~umie x = {}

[ROTV EERNTIZ I MIRRORCORE (Coq'14) 12 /17



(Simple) Reflective Tactics

auto is somewhat limited
@ Backward reasoning from a goal
o Limited ability to customize proof search

@ Must solve the goal entirely

Y
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(Simple) Reflective Tactics

auto is somewhat limited
@ Backward reasoning from a goal
o Limited ability to customize proof search

@ Must solve the goal entirely

Building blocks for reflective procedures
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(Simple) Reflective Tactics

auto is somewhat limited
@ Backward reasoning from a goal
o Limited ability to customize proof search

@ Must solve the goal entirely

Building blocks for reflective procedures’

REECOVRFlail<l MIRRORCORE (Coq'l4) 13 /17




RTac: Reflective Tactics

repeat first [ apply read ; auto Def the_tac db := REPEAT 10
| apply write ; auto (FIRST [ APPLY read_syn (AUTO db)
| oo ] | APPLY write_syn (AUTO db)

| D).

Reflective Tactics [EBVEH CORE (Coq'14) 14 /17




RTac: Reflective Tactics

repeat first [ apply read ; auto
| apply write ; auto

| ]

Reflective Tactics CoRrE (Co

Def the_tac db := REPEAT 10
(FIRST [ APPLY read_syn (AUTO db)
| APPLY write_syn (AUTO db)

[ D

Thm the_tac_sound db : hints_sound db
— rtac_sound the_tac.
Proof. intro.
apply REPEAT_sound.
apply FIRST_sound.
-+ apply APPLY_sound;
[exact read |apply AUTO_sound; auto |.
-+ apply APPLY_sound;
[exact write |apply AUTO_sound; auto
1.
+ ...
Qed.

Soundness is a predicate transformer

14 /17
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RTac: Reflective Tactics

repeat first [ apply read ; auto
| apply write ; auto

| ]

Simple proofs
Reflective (separate proofs)

Stable across Coq versions

Shallow embedding —
extensible

Easy to use custom procedures’

Reflective Tactics

CORE (Coq'14)

Def the_tac db := REPEAT 10
(FIRST [ APPLY read_syn (AUTO db)
| APPLY write_syn (AUTO db)
| D).
Thm the_tac_sound db : hints_sound db
— rtac_sound the_tac.
Proof. intro.
apply REPEAT_sound.
apply FIRST_sound.
-+ apply APPLY_sound;
[exact read |apply AUTO_sound; auto |.
-+ apply APPLY_sound;
[exact write |apply AUTO_sound; auto
]
+ ...
Qed.

’ Soundness is a predicate transformer

14 /17



Require Import MIRRORCORE!

Next time you need customizable, reflective automation...

’ Define language ’

’ Just the operators’

!Refactoring in progress
[@NIISINEN MiRRORCORE (Coq'14) 15 / 17




Require Import MIRRORCORE!

Next time you need customizable, reflective automation...

’ Build automation ’

ffffff

’ Define language ’

’ Just the operators’

!Refactoring in progress
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Require Import MIRRORCORE!

Next time you need customizable, reflective automation...

(1) Existing generic automation

’ Build automation ’

2) Extend automation (auto)

~~~~~~ :
3) RTac “tactics”

’ Define language ’

’ Just the operators’ \_ 4) Custom procedures

!Refactoring in progress
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Require Import MIRRORCORE!

Next time you need customizable, reflective automation...

(1) Existing generic automation

’ Build automation ’

2) Extend automation (auto)

~~~~~~ :
3) RTac “tactics”

’ Define language ’

’ Just the operators’ \. 4) Custom procedures
e - ~
Folds Lifting  Unification

Substitution
’ Reuse the meta-theory & tactics

!Refactoring in progress
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Related Work

@ “Intensional” Theories (e.g. Coq, Agda)
© Simple Types [GWO07] — Similar term representation
@ Modular Meta Theory [DdSOS13]
© AAC Tactics, ROmega, field, ring [BP11, GMO05, Lesl1] — reflective
procedures
@ Posteriori Simulation [CCGHRGZ13] — Faster computation
© Mtac [ZDK'13] - Coq extension (proof-generating)
@ SSreflect [GM10] — Cogq library (proof-generating)
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@ VeriML [SS10], NuPrl
Q LF

@ Non-dependent Theories
o lsabelle, HOL, ...
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MIRRORCORE

Generic logic automation (i.e. for lifted logics)
Extensible syntax (e.g. user-defined types and functions)

Extensible automation (e.g. auto, autorewrite)

Simple tactic language

https://github.com/gmalecha/mirror-core
https://github.com/jesper-bengtson/MirrorCharge

trust trust
Formalize /x ‘/\
—— Develop a logic —— Verify programs
a language
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